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Abstract— This paper presents two methods for approximating analysis techniques for coded systems [3], [4] are not appli
the performance of coded multicarrier systems operating oer  cable in this setting because the channel is (a) non-ideally
frequency-selective, quasi-static fading channels with an-ideal jnterjeaved (resulting in non-zero correlation betweejaceht

interleaving. The first method is based on approximating the . . . . -
performance of the system over each realization of the charat, coded bits), and (b) quasi-static (which limits the numbkr o

and is suitable for obtaining the outage performance of this type  distinct channel gains to the number of OFDM tones).
of system. The second method is based on knowledge of the Related Workin [5], Malkamaki and Leib consider the per-
correlation matrix of the frequency-domain channel gains @d  formance of convolutional codes with non-ideal interleayi

can be used to directly obtain the average performance. Botlof : .
the methods are applicable for convolutionally-coded intdeaved over block fading channels. They make use of the generalized

systems employing Quadrature Amplitude Modulation (QAM). transfer function (GTF) [6] in order to obtain the pairwise
As examples, both methods are used to study the performance €rror probability in the case when the channel gains for each
of the Multiband Orthogonal Frequency Division Multiplexing transmitted symbol are not unique (due to a small number
(OFDM) proposal for high data-rate Ultra-Wideband (UWB)  of fading gains as a result of the block fading model).
communication. This approach is similar in some ways to that presented in
Section I1I-C. The major difference is that our method does
not require the GTF of the code, which may be difficult to
Multicarrier communications systems based on Orthogorgitain [7]. Instead, we apply the concept of error vectors,
Frequency Division Multiplexing (OFDM) have gained interintroduced in Section IlI-A.
est from the communications community in recent years, as|p [8], Veeravalli presents a general approach for anatyzin
evidenced by wireless standards such as 802.11 a/g and higl- performance of uncoded diversity-combining systems on
rate Ultra-Wideband (UWB) [1], [2]. In many situations, thezorrelated fading channels. In particular, the probabitit
wireless channel for these systems can be assumed very slagylor is expressed (for Rayleigh-fading channels) as atimc
time-varying relative to the transmission rate of the devicof the complex covariance matrix of the channel gains. In
and can be approximated as quasi-static for the duratigction I11-D we extend this approach to handle coded mul-
of one or more packet transmissions. As well, since Mmog¢arrier systems employing arbitrary Quadrature Ampléu
OFDM devices use a relatively large bandwidth, the charmelNiodulation (QAM) modulation schemes.
frequency-selective. This motivates an interest in thdyaf®  organjzation:Section Il introduces the system model con-
of the performance of coded multicarrier systems when trangdered in this paper. In Section I1l, we present two appineac
mitting over quasi-static frequency-selective fadingrei@s. to performance analysis: a per-realization based approach
Throughout this paper, we will assume that the OFDM systefgy system performance evaluation which readily leads to
is designed such that the cyclic prefix is always longer than tegtimation of outage-based performance measures, and an
channel impulse response. Thus, we can consider the chanfjroach, based on the channel correlation matrix, which ca
in the frequency domain, with one channel gain per subsarrigs ysed to obtain the average system performance. Numerical
and a correlation matrix representing the correlation betw regyts jllustrating the effectiveness of both proposethoes

the gains of different subcarriers. are presented in Section IV. Finally, Section V concludes th
When considering the performance of systems over quaghper.

static channels, the concept ofitageis often used. That is,
since (in a packet-based transmission system) each paiket w
be transmitted over only one realization of the quasitati
channel, we consider some channel realizations to be imeuta Throughout this paper we consider aw-tone OFDM
(that is, they do not support the required data rate). Thetworsystem, using//-ary QAM (M-QAM) on each subcarrier. The
case performance of the non-outage cases is then studstem employs a punctured convolutional code of Fate
providing information about what minimum performance can We assume that the transmitter selects a vector of
be expected of the system given a certain allowable outageN log, M random message bits for transmission, denoted
rate. by b = [by ba...br.n1og, m]T (Where[]T denotes vector

It should be emphasized that classical bit error rate (BERansposition). The vectorsandc™ of lengthL. = N log, M

|I. INTRODUCTION

Il. SYSTEM MODEL



represent the bits after encoding/puncturing and afterlerv- is sufficient to choose a smalb,.x — for example, the
ing, respectively. The bitg™ are then modulated usin§/- punctured code of raté/2 considered in Section IV has a
QAM on each subcarrier. The resultidg modulated symbols free distance of, and choosinguv,,., = 14 (resulting in a set
are denoted by the vectar= [z; 22 ... zn]T. of L = 242 error vectors of maximum length= 60) provides

The symbolsx are transmitted through a quasi-staticesults virtually identical to those obtained using larggfax
fading channel with frequency-domain channel galns= values.

[h1 he ... hn]. Writing H = diag(h), where diag(h) In the following, we refer toe; as an “error vector”
denotes a matrix with the elementsfoon the main diagonal, and to £ as the set of error vectors. Note th8tcan be
we can express the received symbolas straightforwardly obtained from the transfer function bkt
code, without resorting to the GTF approach as in [5]. It is
r=VEHz+n, @ aiso independent of the number of distinct channel gains (or

wheren is a vector of independent complex additive whitéhe number of blocks in the context of [5]).
Gaussian noise (AWGN) variables with variandg and E, is B. Pairwise Error Probability

the energy per modulated symbol. The energy per information i o ) .
bit is By, = E, /(R log, M). We consider error events starting in a given positioof

We assume perfect timing and frequency synchronizatidl® codeword < i < L.). We consider each error vectef
The receiver employs a soft-output detector followed B¢’ ! <J < L, and form the full error codeword
deinterleaving, depuncturing, and Viterbi decoding, sy a:=[00..0¢€ 00..0 )
in an estimateb = [by by ... br,N10g, m]” Of the original J —_— ~ ——
transmitted information bits. =t i Le=li=itl
of length L. by paddinge; with zeros on both sides as
indicated above. Given the error codeward; and given that

In this section, we present two methods for approximatinghdewordc is transmitted, the competing codeword is given
the performance of coded multicarrier systems operatireg oy

frequency-selective, quasi-static fading channels. Th&t fi vij=c®q,, (3)
method is based on approximating the performance of the ) '
system over individual channel realizations, and is stgtapvhere ® denotes XOR. Lettingz; ; be the vector of QAM
for obtaining the outage performance. The second methodSi¢Nbols associated with?; (the interleaved version af; ;),
based on knowledge of the correlation matrix of the frequendh€ pairwise error probability (PEP) for thih error vector
domain channel gains and can be used to directly obtain #{@ting in theith position is
average performance. Both methods are based on considering E
the set of error vectors, introduced below. PEP; ; =Q <\/2/\7’ [|H (x — zm-)||2> , (4)

One major problem in the analysis 6f-QAM modulation 0
schemes withM > 4 is that the probability of error for a whereQ(.) is the Gaussian Q function [3].
given bit depends on the whole transmitted symbol (i.e sib al
depends on the other bits in the symbol). For this reason, for Per-Realization Performance Analysis (“Method I")
the combination of convolutional coding and-QAM it is not In this section, we obtain an approximation of the BER for a
sufficient to adopt the classical approach of consideringade particular channel realizatioRfl = diag(h), which we denote
tions from the all-zero codeword. In theory, one must averags P(H). This method leads naturally to the analysis of the
over all possible choices fat. Since this is computationally outageperformance, which is a useful measure for schemes
intractable, we simply assume the transmitted informaié® operating over quasi-static channels. For simplicity, \Wwells
b (and hencex) are chosen randomly. For 2-QAM and 4+efer to this as Method | in the remainder of this paper.
QAM (where the joint linearity of code and modulator is The PEP for an error vecter; (1 < j < L) with the error
maintained) this is exactly equivalent to considering dn akvent starting in a position (1 < i < L) is given by (4).
zero codeword. In the case 8t > 4, we have verified for The corresponding bit error rate for this event is given by
the two analysis methods proposed below that the results are
practically invariant to the choice df. Pij(H) = a; - PEP; ;(H) . ®)

I1l. Two PERFORMANCEANALYSIS METHODS

Summing over allL error vectors, we obtain an approximation

A. Set of Error Vectors g Vs
of the BER for theit" starting position as

Let £ be the set of allL vectorse; (1<j<L) of code
output (after puncturing) associated with input sequemdts L
Hamming weight less thaf,.x, i.e., £ = {e1,ea,...,eL}. Fi(H) = Zaﬂ' -PEP; ;(H) . (6)
Letl; anda, be the length o&; and the number of information =t
bit errors associated witk;, respectively. As with standardWe note that (6) can be seen as a standard truncated union
union-bound techniques for convolutional codes [3], the-lo bound for convolutional codes (i.e., it is a sum over all erro
weight terms will dominate the error probability. Hence ievents of Hamming weight less thag,.,). We also note that



TABLE | TABLE Il

PSEUDOCODE FORMETHOD|. FINAL BERIS P (FOR GIVEN H). PSEUDOCODE FORMETHODII. FINAL BERIS P.
1 P:=0 1 P:=0
2 for ¢ :=1to L. do 2 for ¢ :=1to L. do
3 P =0 3 for j:=1to L
4 for j:=1to L 4 formg, , as per (2)
5 form g;; as per (2) 5 formw;; as per (3)
6 formw;; as per (3) 6 formol . and z;; fromwv,;
7 formwof, and z;; fromuw,; 7 forme’;;, 2';; h'i; and Ry/ps
8 calculate P;; as per (5) 8 Conpute D :=diag(e’ — 2’; ;)
9 P := P + P 9 Conpute Rgg := DRy/ps DY
10 P := P+ nmin(3,P) 10 Conmpute (8) to obtain P
11 P := P L. 11 B P =P+ P

12 P :=P /[ L.

we can tighten this bound by limiting; (H) to a maximum . ., ) )
value of 1/2 before averaging over starting positions [5]Let D = diag(z’ — z i}j) /be th/e dlagonal matrix of non-zero
Finally, since all starting positions are equally likelyetBER distances. Novy = H'(z" — 2’; ;) = Dh’. We have

P(H) can be written as E(g) = 0,
P IR T R , E(99") = Rgyg=DRpn D",
(H) = L. ;mm 5’; wi(H)| - 0 where E(-) denotes expectation ar(d)” denotes Hermitian

transpose. The distribution @f is zero-mean complex Gaus-
Table | contains pseudocode to calculd®¢H) according sian with covariance matriR,,. Following [8, Eq. (7)], we
to (7). This method readily leads to the consideration @fn write the bit error probability for thg'® error vector
the outage performance. We evaluate (7) for many chanstdrting in theit® position as
realizations. For a giveX % outage rate, the worst-performing )2 ER 1
(100-X)% of realizations are considered in outage (i.e., they P j= ﬂ/ [det <57.929 + I)} do. (8)
are not capable of supporting the required data rate), aad th T Jo Nosin® 6
worst-case performance of the non-outage cases is shois. Note that (8) can be written in closed form in terms of the
provides information about the minimum performance that caigenvalues of?,,, as in [8]. Alternatively, (8) can simply be
be expected of the system given thé€b6 outage rate. solved directly via standard numerical integration tegoes.
We should note here that (7) does not take into accourte latter approach is favorable in the case we are consileri
edge effects at the end of a coded OFDM symbol (i.e., nesince Ry s (and thusRy) is in general different for each
the end of a symbol not all error vectors represent validrerra, j, necessitating a new eigendecomposition.
because the codeword may end before the error vector doesNow, summing over al. error vectors, the BER for th&"
It is possible to modify (7) in order to disregard error ewenttarting position can be written as
that do not “fit” within the symbol length. However, such I
modification makes a minimal difference in the final BER of P = Z - 9)
j=1

the overall system.

D. Averaging Approach (“Method 11”) Finally, since all starting positions are equally likely e
In this section, we propose a method, based on knowledéseEd’ the average BER can be written as

of the frequency-domain channel correlation matrix, which B 1 & 1 e L

can be used directly in order to obtain the average BER P = L_Z i = L—ZZPi,j : (10)

performance of coded multicarrier systems. For simpljeity € i=1 ©i=1j=1

refer to this as Method Il in the remainder of this paper.  Taple || contains pseudocode to calcul&@@ccording to (10).
For this method we will explicitly assume that the elements

of h are Rayleigh-distributed and have known correlation IV. NUMERICAL RESULTS
matrix 3pp (in practice,X,p can be obtained from actual |n this section, we present numerical results illustratime
channel measurements, or can be numerically estimated ga¢formance analysis methods presented in Section IIl.
measuring the correlation in many channel realizationmfro
a given model). A. System and Channel Model

Note that for an error vectag; starting in positiory, only As an example OFDM system, we have chosen the Multi-
the non-zero terms qfc — z;, ;) contribute to the PEP. Let’, band OFDM system (MB-OFDM) proposed for IEEE 802.15
z’;; and H’ = diag(h’) represent the transmitted symbolsTG3a High Data Rate UWB [2]. The MB-OFDM system uses
received symbols, and channel gains corresponding to thie nd28 tones and operates by hopping over 3 sub-bands (one
zero distances ofx — z; ;), respectively, and fornR - by hop per OFDM symbol) in a predetermined pattern. We will
extracting the elements fror&,, which correspond tdh/. assume that hopping pattern 1 of [2] is used (i.e. the sulbidan



are hopped in order). As a result we can consider MB-OFDM ** QPSKR =118

as an equivalent 384 tone OFDM system. After disregarding o QPSKR=us

pilot, guard, and other reserved subcarriers, we hHéave 300 o QPSKR=12

data-carrying tones. o D
Channel coding in the proposed standard consists of a i IG,QAMR;M

punctured maximum free distance rdtg3 constraint length .
7 convolutional encoder and a multi-stage block-based inj- s
terleaver (see [2] for details). After modulation, modatat
symbols are optionally repeated in time (in two consecutivé
OFDM symbols) and/or frequency (two tones within the
same OFDM symbol), reducing the effective code rate by a
factor of 2 or 4 and providing an additional spreading gain y
for low data rate modes. In the framework of our analysis,
we can equivalently consider this time/frequency spregadin
as a lower-rate convolutional code with repeated generator .
polynomials. In the proposed standard, the interleaveeéaod s 10 s 20 %
bits are mapped to quaternary phase-shift keying (QPSK) 101og10(Ep/No)  —
symbols using Gray labeling. As an extension for higher dat@. 1. 10% Outage BER v4.0 log;,(E3/ANo) from Method | (lines) and
rates, we also consider Gray-labeled 16-QAM. simulation results (marl_(ers) for different code_ rates amdination schemes.
For a meaningful performance analysis of the MB-OFD \éﬁf r'\gl channel with lognormal shadowing. Code ratSt and 1/8
petition.
proposal, we consider the channel model developed under ) ) )
IEEE 802.15 for UWB systems [9]. The channel impulse r&ode rates, with a maximum error of less than 0.5 dB. Itis glso
sponse is a based on a modified Saleh-Valenzuela model [{fjPortant to note that obtaining the Method | result reguire
As well, the entire impulse response undergoes an “outer” loSignificantly less computation than is required to obtaie th
normal shadowing. The channel impulse response is assursigulation results for a!l }00 UWB channel realizations. We
time invariant during the transmission period of (at leasty shogld _also note that it is not clear that even 100 chanqel
packet (see [9] for a detailed description). We consider tfigalizations (standard for UWB system performance anglysi
UWB channel parameter set referred to as CM1 [9]. is suff|C|er_1t to accurately captu_re the_true sys_ter_n perfanea
The OFDM transmit signal experiences a frequency noksee Section IV-D for further discussion of this issue).
selective fading channel with fading along the frequen%(
axis. Thereby, the outer lognormal shadowing term mentione”
above is irrelevant for the fading characteristics as iectf ~ In Figure 2 we present the average BER as a function
all tones equally. Denoting the lognormal term iy we Of 10log,o(E,/No) for different codes rates with 16-QAM

obtain the correspondimprmalizedfrequency-domain fading modulation over UWB channel CM1. The solid lines are
coefficients as the average BER obtained directly from the method of Sec-

h" = h/G . (11 tion 11I-D, while the dashed lines are comparisons obtained
from applying the method of Section IlI-C to 1000 channel
The elements ofh™ are well-approximated as zero-meamealizations and averaging the results. We show curves both
complex Gaussian random variables [11]. This allows us tath and without the “outer” lognormal shadowing of the
apply the analysis of Section 1lI-D to the UWB channeUWB channel model. As can be seen from Figure 2, when
without lognormal shadowing, and then average over tlige lognormal shadowing is neglected, the results obtained
lognormal shadowing distribution in order to obtain the ffindrom the two methods show a close agreement. The difference
system performance over the composite UWB channel. Wetween the two curves with lognormal shadowing is due to
note that this is only relevant for Method Il — for Method la slackening of the average bound which occurs when the
the distribution ofh is not important. results of Method Il are averaged numerically over the “Oute
lognormal distribution.
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Correlation-based Approach

B. Realization-based Approach

In Figure 1 we present the 10% outage BER as a functiongf A Note of Caution for System Designers

10log;(Ey/No) (the signal-to-noise ratio per information bity Due to the high complexity of simulating system per-
obtained using Method | (lines), as well as simulation rssulformance over quasi-static channels (which necessitates a
(markers) for different code rates and modulation schemkasge number of simulations over many channel realizajjons
using a set of 100 UWB CM1 channel realizations witsystem designers are tempted to use a relatively small set
lognormal shadowing. The 10% outage BER is a commaf (for example) 100 channel realizations to estimate syste
performance measure in UWB systems, cf. e.g. [2]. We can seerformance. Figure 3(a) (dashed lines) indicates theageer
that Method | is able to accurately predict the BER for QPSRER with respect tal0log;,(E,/No) for 4 different sets of

and 16-QAM modulation schemes with a variety of differet00 UWB CM1 channel realizations, obtained via Method |I.
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Fig. 2. Average BER vsl0log,,(E,/No). Solid lines: correlation-based Fig. 3. (a) Average BER vs.0 log, o (E}/No) for four different sets of 100
approach (Method I1). Dashed lines: realization-basedragmh (Method 1) channels using Method | (dashed lines). For comparisomageeperformance
for comparison. UWB CM1 channel, with and without lognorrshhdowing from Method I (solid line). (b) 10% Outage BER v&0log;,(Ey/No)
(“LN” and “no LN”, respectively). 16-QAM, code rates/2 and3/4. for four different sets of 100 channels using Method | (ddshees). For

. . . comparison: 10% Outage BER for a set of 1000 channels (sok]. ICode
For comparison, the average performance obtained via Methete 1/2, 16-QAM, UWB CM1 channel with lognormal shadowing.

Il'is also shown (solid line). We can see that the averagg the numerical results of Section IV, and are both much

system performance obtained using sets of only 100 changfhier to evaluate than attempting system simulations ove
realizations depends greatly on the specific realizatidmshw large sets of channel realizations.

are chosen. Similarly, Figure 3(b) illustrates the 10% geta

BER with respect tal0log;,(E,/No) for 4 different sets of ACKNOWLEDGMENT
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Figure 3(a), are still quite dependent on the selected aiann
realization set.

Based on the results above, it seems that performanE'é
evaluation for systems operating on quasi-static chanrsétg
only small humbers of channel realizations may be prone ti3]
inaccurate results. This is one of the main strengths of btith 3
| presented in Section IlI-C: the performance can easily bE
evaluated over any (large) number of channel realizations]
without resorting to lengthly simulations.

V. CONCLUSIONS Bl
In this paper, we have presented two methods for evaly
uating the performance of convolutionally-coded multicar
rier systems employing QAM and operating over frequency[-7]
selective, quasi-static, non-ideally interleaved fadictgan-
nels. The realization-based method (“Method I”) presented
in Section 11I-C estimates the system performance over ead#l
realization of a channel with an arbitrary fading distribat
and is suitable for evaluating the outage performance q$]
systems. The method presented in Section IlI-D (“Methoy 11”
based on knowledge of the correlation matrix of the freqyenc{lo]
domain channel gains, allows for direct calculation of the
average system performance over the ensemble of quaisi-s(tﬁt
Rayleigh fading channel realizations. Both methods previ
accurate estimates of the system performance as demexustrat
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